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A SELF-SIMILAR PROBLEM DEALING WITH THE ONE-DIMENSIONAL COLLISION
OF TWO HALF SPACES OF A NONLINEAR-ELASTIC MATERIAL

I. E. Agapov, A. M. Belogortsev, A. A. Burenin, UDC 539.3
and A. V. Rezunov

The problems associated with investigating the processes of high-speed collisions in
deformable bodies is of great theoretical and applied significance. However, the solution
of these problems is associated with considerable difficulties, ascribed to the wave nature
of strain propagation, as well as by the need to make use of nonlinear mechanical models.
Self-similar problems from nonlinear elasticity theory provide specific information regar-
ding the behavior of bodies under conditions of intensive dynamic load, and the solution
for these problems can be found analytically or comparatively easily with numerical methods.
The qualitative features of the process of propagating perturbations has been studied [1],
and solutions have been obtained for a series of specific problems [2-4].

In the present study we examine a one-dimensional problem dealing with the collision
of two nonlinear-elastic half spaces, one of which is addressed, and the second in motion
at a constant translational velocity. At the boundary of interaction between the bodies
it is assumed that the Coulomb dry-friction law is fulfilled. We examine the nature of
the deformation, and we present results from a numerical study of the problem, as well as
a comparison with the solution for the linear case.

The Ox, axis in the Cartesian coordinate system is directed perpendicular to the half-
space boundary (Fig. 1). At the initial instant of time the half space x, > 0 is fixed,
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iki, Vol. 30, No. 6, pp. l46-150, November-December, 1989. Original article submitted
July 28, 1987; revision submitted August 3, 1988.
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Fig. 1

while when %, < 0 it has the velocity V, = (Vy4, V,5, 0). The material of each of the half
spaces, prior to collision, is not subjected to deformation. We will write the system of
equations describing the dynamic behavior of the nonlinear-elastic medium in the following
form [5, 6]:

av,
p aW . __ 1
04 = o e (8rj — 2ew;), G35 =P
Vi = 0u;/ot + Vyu, ;, 265 = ug; -+ Uj; — Up,illy,js (1)

plpg = (1 — 2I, 4 2IF — 21, + 41,1, — (4/3)IF — (8/3)I5)12,

I, =ey, I, = e;5e5, I3 == eenses,

where 033, €5, Vi, and uj are the components of the stress tensors, the Almansi finite
strain tensors, of the velocity vectors and the displacement vectors, respectively; p and
p, are the densities in the instantaneous and free states. We will use the relationship
between the elastic potential W and the invariance of the strain tensor:

W = (U232 + p, I, + LI, + mp I3 + n,ly, k=1, 2. (2)

Here A and u are the Lame parameters; £, m, and n are the third-order elasticity moduli;
k = 1 for the body against which impact occurs, and k = 2 for the impacting body. At the
boundary separating the half spaces L the quantitijes V,, o¢,,, and o;, are continuous

iV:[]:[O-ll]:[O-lg]:O, [F]=F+—‘F_. (3)

The superscripts plus and minus denote the quantities calculated in front of the shock wave
(SW) and immediately behind it. The V, particle velocity component for the medium will
be constant:

fv,1 =10 (4)

only on satisfaction at L of the condition

[012] << flow (5)

(f is the coefficient of friction). If the solution for the problem with boundary conditions
(3) and (4) fails to satisfy inequality {(5), then we will replace (4) with the following
relationship:

|12l = floyls (6)

which represents the Coulomb dry-friction law. In [2] we find a study of the unique features
involved in the deformation of a nonlinear-elastic half space, whose boundary, starting

from some instant of time, moves at a constant velocity. Applying the results obtained
there to the problem under consideration (the boundary conditions lead to the compression

of the medium), we arrive at a wave pattern such as that illustrated in Fig. 1. Thus, the
strains generated by the collision of elastic half spaces will propagate through the medium

977



in the form of longitudinal %,, I, and quasilateral [2] Z,, Z; SW, and we will denote the
velocities of their motion as G;, G,, Gz, G,.

The discontinuity planes in combination with the plane L separating the colliding bodies
divide the elastic space into six zones. In this case, the medium is not deformed in zones
0 and 5. The particles of the medium from zone 5 have constant velocity V,, while those
from zone 0O are nonmoving. In zones 1 and 4 there are no shearing strains u, ; ) =
U, 1"/ = 0 nor stresses 012(1) = g,,'*) = 0 (the superscript indicates that the quantities
belong to points in the corresponding zone). At the points in each zone u; ; and u, , (and
consequently, Vi, ©jj» ojf as well) are constant. In this case, the equations of motion
are satisfied identically. The dynamic and kinematic conditions of consistency [7] are
satisfied at the SW fronts:

lon] = p*(Viv, — @V, i =1, 2; (7)

oF
[%]-l—va[g;;]:O, v =1, v,=—1, (8)
which enable us to find the parameters of the stress-strain states at the points in zones
1-4. Using relationships (1), (2), and (8), and limiting ourselves only to the quadratic
terms for the tensor components uj,j, we obtain

loy] = (A + 2p)7 + 20,uy,,1; — “kTi + 2B,us,Ty — BkT§1 (9)
lo1a] = paTy + Pu(U1aTs + Ug T — T4T,);
Vil = (Ve — vi&/(1 + 7y — uy,0), (10)

Vol = (Vy — vi&)y + (o — W) V1], w0 = luy ],
ap = 3, + my + ny) — 350, — Ty, Ve = by + 1,50, — by — 3p,,
Br = (v& — wp)/2.

Having substituted expressions (9) and (10) into Eq. (7) and taking into consideration that
at the waves %,, %,, [0,,] = [V,] = 0 we have six algebraic equations

G+ —a)tyl= G3, iy =M+ 2p)/P10r @1 = /(Mg + 2py), (11)

i ["712 +2(1—ay) 13Ty, — (@1 — 1) T2 — b1"§2] =
= G311y — 26, (G — Gy) Ty Ty
e5 [ — (dy — 1) (143 + T4)] = G2 — 26, (G — Gy) Tuy,
ch = Wi/Pror by = By/(y + 2p)y  di = ¥o/ps
Al —(ag— 1)yl = Vg + Gty cia=(hg + 20050 @5 = %/ (Ag + 2p8),
¢tz [T:;s + 2(1 — a,) TygTys — (a3 — 1) 733 — bytas] = (Vo + G Tis —
— 2(Gy — G3) (G5 + V) TygTy
e[l — (dy— 1) (Tys + 1)l = (Vo + Gl — 2(Gs + Vo) (G4 — G5) Tayr
€32 = Pa/0gps by = Bo/(hs + 205),  dy = Volls
for ten unknowns Tj;1s Tips Tiss Ti4s Tozs Tass Gis Gy Giy G,. Here, the second of the
subscripts for 1 indicates for which wave the corresponding discontinuity has been calcu-

lated. To obtain a closed system of equations we will use boundary conditions (3)-(6).
In the notation adopted above, condition (3) is written in the form

—aTos 1 Va(Tis T TagTas = —WiToe + Vi{Tyy + T32)Tag, (12)
— (Mg + 21) (Ty3 + T1a) + %5 (T1s + T1s)® + BaTas =
= — (Mg 21) (Tyg + Tyg) + 0y (T + T1g)* + ByToey
(Vip — Gyyq — GsTia)(1 + Tn + Tua) = (G1Tyy + GaTya)(L + Tyg + T1a)-
The 1?s§ relationship closing the system of equations is either the condition of rigid coup-
ling (4

Vo= 64Ty L+, N AT ) 1+,
"Vzo+("‘l1__l-T+G3 7,17, @ = \T+r, G, TF 7, +1,, 02 (13)
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if the solution will satisfy inequality (5)
| — PaTas + V2 (Tis + Tua) Tos| < F1— (g + 205) (Ta5 + Tua) + @y (T3 + T50) + By7ds,
or if this is not the case, the Coulomb dry-friction law (6)
— PaTas + V2 (T35 + Tua) Tas = F8ign VP [ — (A, + 20,) (Tig + T1a) + % (Tyg + T1a)® + BoTasl. (14)

The derived system of ten nonlinear algebraic equations (11), (12), and (13) or (14)
was studied numerically by the Newton iteration method. With small values of V,,, V,, for
the zeroth approximation we took the solution of the problem from linear elasticity theory,
which is easily found by analytical methods. For convergence of the iterations at large
collision velocities it is necessary gradwally to increase V4, V,,, taking as the zeroth
approximation the solution found in the previous step.

Some of the numerical results are presented in Figs. 2-4 for the case of an aluminum
body impacting on a body of steel. In this case the velocities were referred to c¢,, and
the stresses to (X, + 2u,). The elasticity moduli have the following values: A, = 1.155-
10° MPa, u, = 7.7-10* MPa, A, = 4.05-10* MPa, u, = 2.7-10* MPa, in Figs. 2 and 4 %, = m, =
n, = —-10° MPa, %, = m, = n, = —4-10" MPa, in Fig. 3 ¢, =m; = n; = —10% MPa, &, =m, = n, =
—4+10° MPa.

Figure 2 shows the velocity components Vz(z) and V2(3) of the points in the medium
(lines 1 and 2) in zones 2 and 3 as functions of the coefficient of friction at the boundary
between the bodies, for one and the same velocity of motion V,, = 3, V,, = 1 for the impac-
ting body. The connecting point for the graphs of f = f, corresponds to the onset of coupling
for the colliding bodies. The parameters of the stress-strain state, calculated for the
case in which f > f,, will be the same as when f = f,.

Figure 3 shows the relationship between the velocities of SW propagation G;, G,, Gj,
G, (lines 1-4) and V,4 for f = 0.3, V,, = 1. Unlike the linear case in which the SW veloci-
ties are constant, these relationships are significantly nonlinear. A reduction in G; and
G, for large V,, is explained by the fact that the transfer velocity of the impacting body
is directed downward, while the velocities G5 and G, are assumed to be directed vertically
upward.

The curves shown in Fig. 4 give the values for the velocities V;,, V,,, at which plastic
deformations set in: 1) £ = 0.1; 2) f = 0.3. These initially arise in aluminum in the
region adjacent to the boundary of contact between the colliding bodies. The horizontal
segments of the curves correspond to penetration. We made use of the Mises plasticity con-
dition. The results obtained from the application of the Trask plasticity condition differ
insignificantly. Plastic strains are developed at collision velocities that are small for
problems of the class under consideration (V;, = 60-110 m/sec). The calculations were car-
ried out with yield points that have been doubled in comparison to the static values (for
steel o, = 1500 MPa, and for aluminum o, = 600 MPa). Let us note that in our case the pro-
cess of loading is active, and the appearance of plastic strains cannot therefore be the
cause for curtailing the calculations. In this case relationships (1) and (2) may be regar-
ded as a variant of the deformation theory of the plasticity.
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The question of determining the values of the collision velocities is of interest to
the extent that they permit wutilization of linear simulation. Numerical experiments
have demonstrated that when V,, < 100-120 m/sec the relative error between the solutions
obtained for the linear-elastic medium and the solution found by means of the nonlinear
model does not exceed 57. Thus, if no plastic strains arise in the collision of elastic
bodies, the calculation of the stress-strain state can be accomplished by resorting to the
procedures of linear elasticity theory.

The nonlinear effects in the given problem also make themselves evident by virtue of
the fact that at the SW in the linear case of purely transverse I, and I, the normal com-
ponents of velocity and stress also undergo discontinuity. In addition, these SW are expan-
sion waves, i.e., we observe the Weissenberg effect (pure shear leads to expansion of the
medium). The magnitude of all nonlinear effects increases as V;, increases.

Everywhere above, in the description of the results, we make references to intervals
in the values of V,,. This is explained by the fact that the relationship between the
parameters of the strain process and V,, is weak and undergoes strengthening only insigni-
ficantly as f increases.

It is recommended in [3] for the use of that class of solutions with a quasilateral
SW in these problems to verify the satisfaction of the so-called thermodynamic condition
of consistency

— o+ (Vi — 6) V31 1V;) + 20 1V;) — 2(ViE — 6) (W) >0. (15)

Calculations with various values of the parameters of the problem have shown that the left-
hand side of expression (15) is always positive and increases as the velocity of the colli-
sion between the bodies increases.
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